The application of the Möbius inversion formula to the specific-heat-phonon spectrum inversion problem ͑SPI͒ initially appeared promising ͓N .X. Chen, Phys. Rev. Lett. 64, 1193 ͑1990͒; J. Maddox, Nature ͑London͒ 344, 377 ͑1990͔͒. However, no one has previously been able to obtain the exact Debye spectrum with the correct cut-off factor and frequency dependence from the Möbius formula. The main difficulty arises from the fact that the Möbius function (n) is not completely known for large n in practice. In this paper, some exact solutions of SPI are obtained by using the Möbius inversion formula, most importantly the Debye spectrum as a special case, and the problem of the unknown Möbius function (n) for large n is avoided. It is shown that the Möbius inversion formula can be useful for exact solutions to spectral inversion problems.
I. INTRODUCTION
The lattice specific heat C V (T) can be expressed by
where h and k B represent the Planck and Boltzmann constants, respectively, and g(), the phonon density of states, is normalized to 3Nr:
where r is the number of degrees of freedom per molecule. The inverse problem is to determine g() from the measured lattice specific heat C V (T). This problem has received intensive theoretical study due to the importance of the phonon density of states for the thermodynamic properties of solids, lattice dynamics, electron-phonon interactions, the microscopic mechanism of superconductivity, etc.
In 1989, Dai, Xu, and Dai introduced techniques for eliminating divergences and used the Fourier transform to obtain an exact solution formula with a parameter s ͓1,2͔. Existence and uniqueness theorems were also proved. The formulas of Montroll ͓3͔ and Lifshitz ͓4͔ are special cases for sϭ1. Another special case is given by Carlsson, Gelatt, and Ehrenreich ͓5͔.
A class of exact solutions for concrete systems in SPI ͑including the Einstein and Debye spectra͒ and in the related black-body radiation inverse problem were obtained by Dai's exact solution formula ͓1,2,6,7͔. Recently, the exact solution formula ͓2͔ was also applied to carry out specific heat inversion for a real system such as YBCO ͓8͔. The parameter s for eliminating divergence is shown to be very important for asymptotic behavior control. Most of the above work focused on an exact solution in closed form: an integral representation of the exact solution.
In where c and are two positive constants, and
The Möbius function (n) is equal to zero when n includes repeated factors, or equal to (Ϫ1) r when n is a product of r distinct primes. Specifically, (1)ϭ1. By using this inversion formula and denoting uϭh/k B T, he obtained a formal solution of the integral equation ͑1.1͒,
where L Ϫ1 stands for inverse Laplace transform. Chen's method received much attention ͓10-12͔, since he introduced methods from number theory, including the Möbius inversion formula ͓13͔, to study inverse problems in physics.
It is important to notice that Chen's formal solution formula ͑1.6͒ involves an infinite number of inverse Laplace transforms. This makes it rather difficult to apply in practice. ͑See, for example, the work of Bertero et al. ͓14͔ , who have carefully studied the instability problems of inverse Laplace transforms.͒ Furthermore, to determine the values of the Mö-bius function (n) for large n is an extremely difficult and unsolved problem, seriously complicating any attempt to discuss the convergence of the solution and existence and uniqueness theorems.
In Ref. ͓15͔, the Einstein spectrum was obtained using the Möbius inversion formula. Chen and Rong also used a ''standard'' low-temperature expansion of the specific heat to find the phonon spectrum by Chen's formula. They obtained a spectrum of the form g()ϳ 2 but with no cut-off factor and Debye frequency, which implied that one still cannot obtain the complete Debye spectrum with a correct cutoff factor and Debye frequency from the Möbius inversion formula in SPI. A question then arises as to whether the Möbius formula can be used in practice to produce exact solutions for nontrivial physical models other than the Einstein spectrum. In fact, to our knowledge no one has previously obtained exact solutions for any concrete physical models in SPI by using the Möbius inversion formula.
This Rapid Communication uses the Möbius inversion formula to derive the exact solution for SPI for a general model, in which the Debye spectrum is included as a special case. A correct phonon density of states will be derived from the complete expression of the specific heat.
II. EXACT SOLUTION FOR SPI FROM MÖ BIUS INVERSION FORMULA
Considering the historic importance of Debye's work ͓16͔, we start from the following specific heat C V (T), which includes the Debye specific heat as a special case:
where 0 is the cut-off frequency of lattice vibrations, N is the number of molecules, r is the number of degrees of freedom per molecule, and D n (x) is the integral
͑2.2͒
Formula ͑2.1͒ is the well-known Debye specific heat interpolation formula of dimension n ͓16͔.
We evaluate D n (x) in a series of exponential functions as follows:
͑2.3͒
where (z) is the Riemann zeta-function,
The reciprocal of (z) is ͓17͔
where (n) is the Möbius function. Denoting uϭh/k B Tϭ x 0 / 0 , one has
Noting that ͓18͔
where (x) is the Heaviside step function which is defined as 
where H() is defined as
and where the relation (Ϫk 0 )ϭ(/kϪ 0 ) has been used. It is obvious that the above series ͑2.11͒ is absolutely convergent. According to the Möbius inversion formula ͑1.5͒, replacing B() by nϩ1 (Ϫ 0 ) ͓which obviously satisfies the condition ͑1.3͔͒, and replacing A() by H(), one finds that
Inserting Eq. ͑2.10͒ into Chen's solution formula ͑1.6͒ and using Eq. ͑2.12͒, one obtains
which gives the phonon spectrum. As a special case of this result, let nϭ3 and 0 ϭ D in formula ͑2.1͒, then the Debye spectrum is recovered:
Supposing C V (T) is a superposition of the form ͑2.1͒,
ͪ ,
where 0Ͻ 0,1 Ͻ 0,2 Ͻ 0,3 Ͻ . . . , and A n у0, n ϭ1, 2, 3 . . . , ͚ n A n ϭ1. According to the principle of superposition, the exact solutions are
One can now obtain the complete Debye spectrum and the related general spectra ͑2.16͒ by the Möbius inversion formula exactly.
It is interesting to note that the smooth Debye specific heat ͑differentiable infinitely many times͒ can produce a discontinuous output ͑the Debye spectrum͒ from the integral equation. However, according to the theory of Xie and Chen ͓19͔, a smooth input A should produce a smooth output B. Is there a contradiction between the two theories? No, because in the Möbius inversion solution, there are two independent steps: One is the Laplace transformation, which transforms the integral equation into a summation equation. The other is the modified Mobius inversion, which is used to solve this algebraic equation. What Xie and Chen showed is that the smooth input A in the second step, will produce a smooth output B. This is the same in our work. The key point is that in our work, the input A, which is the inverse Laplace transform of the Debye specific heat, is already discontinuous. Then the output B is discontinuous too. So these two theories are consistent.
In conclusion, with the aid of some summation techniques and the Möbius inversion formula itself, the Möbius inversion formula in SPI is shown to be useful in finding concrete exact solutions for physical models. One of the key contributions here is that the unknown Möbius function (n) for large n was avoided in practice, and the complete Debye spectrum with correct cut-off factor was recovered. The current result can also be applied to investigate other inversion problems.
